We show that Jaynes-Cummings dynamics can be observed in mesoscopic atomic ensembles interacting with a classical electromagnetic field in the regime of a Rydberg blockade where the time dynamics of the average number of Rydberg excitations in mesoscopic ensembles displays collapses and revivals typical of this model. As the frequency of Rabi oscillations between collective states of Rydberg-blockaded ensembles depends on the number of interacting atoms, for randomly loaded optical dipole traps we predict collapses and revivals of Rabi oscillations. We have studied the effects of finite interaction strengths and a finite laser line width on the visibility of the revivals. We have shown that observation of collapses and revivals of Rabi oscillations can be used as a signature of the Rydberg blockade without the need to measure the exact number of Rydberg atoms.
I. INTRODUCTION
The Jaynes-Cummings model [1] is a basic model of interaction of two-level quantum systems with a singlemode quantized electromagnetic field. It has been used to describe a variety of quantum systems including neutral atoms in a cavity [2] as shown in Fig. 1(a) , single trapped ions [3] , quantum dots [4, 5] and graphene [6] .
Quantum fluctuations in the number of photons in a mode of the quantized electromagnetic field lead to nonclassical features in time dynamics of a two-level system known as collapses and revivals of Rabi oscillations [7] . The frequency of Rabi oscillations between states of a two-level quantum system is proportional to √ n, where n is the number of photons in the mode of the electromagnetic field which is resonant to the atomic transition. For a coherent state of the electromagnetic field which has a randomly distributed number of photons, dephasing and consequent rephasing of Rabi oscillations with different frequencies are observed in the Jaynes-Cummings model. This dynamics has been theoretically predicted [7] and experimentally demonstrated for the one-atom maser [2] and for a single trapped ion [3] .
In this paper we show that similar dynamics of Rabi oscillations could be observed in mesoscopic atomic ensembles interacting with resonant laser radiation in the regime of the Rydberg blockade. Strong interaction between Rydberg atoms in an optical dipole trap leads to the Rydberg blockade phenomenon [8, 9] when only one atom in the ensemble within the blockade radius can be excited to a Rydberg state due to the shift in collective * beterov@isp.nsc.ru energy levels as illustrated in Fig. 1(b) for two atoms. In the regime of the perfect Rydberg blockade the mesoscopic atomic ensemble is effectively a two-level system with two levels represented by collective Dicke states |G and |R [8] , shown in Fig. 1(d) ,
|g...r i ..g .
Here N is the number of atoms, |g is the ground, and |r is a Rydberg state of a single atom. In the excited state |R one Rydberg excitation is shared between all atoms in the ensemble. In such blockaded ensembles, also called "superatoms" [8, 10, 11] , Rabi oscillations between collective states have been experimentally observed [12] . Enhancement of the atom-light interaction strength in Rydberg blockaded ensembles is of particular interest for cavity quantum electrodynamics [13] and nonlinear optics with single photons [14, 15] . This enhancement results in the increased frequency of Rabi oscillations of single Rydberg excitation by a factor of √ N compared to the single-atom Rabi frequency. This is equivalent to the dependence of the Rabi frequency in the Jaynes-Cummings model on the number of photons. In this paper we show that collapses and revivals of Rabi oscillations in atomic ensembles randomly loaded in optical dipole traps [16] and optical lattices can be observed for realistic experimental parameters with dynamics that follow the Jaynes-Cummings model.
Fluctuations in the number of trapped atoms have been known as an obstacle for encoding of quantum information in the collective states of the mesoscopic atomic ensembles and implementation of quantum logic gates [8, 17] . The dephasing of Rabi oscillations can be
Interaction of a single atom with the quantized electromagnetic field in a cavity is described by the Jaynes-Cummings model [1] . Two coupled atom-field states are |g, n and |e, n − 1 where n is the number of photons and |g , |e are ground and excited states of the atom; (b) Rydberg blockade for two interacting atoms. The shift in the collective energy level |rr caused by the interaction prohibits excitation of two Rydberg atoms by a narrow-band laser radiation; (c) scheme of the coupled states of a mesoscopic atomic ensemble with the number of ground-state atoms Ng is considered as being equivalent to the number of photons in the Jaynes-Cummings model; (d) scheme of the collective states of the atomic ensemble with N atoms interacting with laser radiation in the regime of the Rydberg blockade.
partially suppressed by the use of ensembles containing several hundreds of atoms [12] , which corresponds to the classical limit in our model. Recently we have proposed the schemes of deterministic single-atom Rydberg excitation and quantum gates with mesoscopic ensembles containing random numbers of strongly interacting atoms in the regime of the Rydberg blockade [18] [19] [20] . The mesoscopic atomic ensembles containing random numbers of atoms can be considered as single qubits, and the quantum gates can be implemented using adiabatic laser excitation and the Rydberg blockade.
The observation of coherent many-body Rabi oscillations is a prerequisite for implementation of quantum gates based on the Rydberg blockade [21] [22] [23] . However, due to fluctuations in the collective Rabi frequency, these oscillations cannot be observed in mesoscopic atomic ensembles with a random number of atoms. Although the presence of a single atom in the trap can be detected using resonant fluorescence [21, 22, 24] , it is difficult to measure the number of atoms in the mesoscopic ensemble loaded into a single optical dipole trap [25] . This can be an obstacle to verify that the experimental conditions are suitable for quantum gates and there is no additional dephasing caused by the finite linewidth of laser radiation or stray electric or magnetic fields, and the interaction between atoms is strong enough to reach the regime of the perfect Rydberg blockade.
Another common difficulty for observation of the Rydberg blockade is the measurement of the number of Rydberg atoms. The detection of single Rydberg excitations in the experiment can be implemented using a variety of methods. In the experiments with single trapped atoms the losses of Rydberg atoms from the optical dipole trap can be used as a signature of successful Rydberg excitation [23] . In the atomic ensembles single Rydberg excitations can be observed using a laser pulse which drives a Rydberg atom to a low-excited state with a short radiative lifetime. The spontaneously emitted photons can be detected using single-photon detectors with sufficiently high quantum efficiency [12] . Rydberg atoms can also be detected in a more straightforward way using selective field ionization in a dc electric field and microchannel plates or channeltron electron multipliers [26, 27] . In the latter case it is possible to measure the actual number of the detected Rydberg atoms [28] . However, accurate determination of the number of Rydberg atoms in atomic ensembles remains a challenging problem. For low detection efficiencies it is difficult to distinguish events when one or two Rydberg atoms are excited [27, 28] , which is of crucial importance for observation of Rydberg blockade [8] and application of Rydberg atoms to quantum information [17] . In this paper we show that collapses and revivals of Rabi oscillations in the atomic ensembles due to fluctuations of the number of trapped atoms can be used as a signature of the Rydberg blockade without the need to measure the number of Rydberg excitations within the ensemble.
II. JAYNES-CUMMINGS MODEL AND MESOSCOPIC ATOMIC ENSEMBLES
The Jaynes-Cummings Hamiltonian is written as [1] 
where ω 0 is the transition frequency between two atomic states, ω is the frequency of laser radiation, g is the coupling strength,σ − andσ + are the lowering and raising operators for the two-level atom, whereasâ andâ † are annihilation and creation operators for the quantized electromagnetic field. In the following we assume that laser radiation is resonant with atomic transition, i.e., ω 0 = ω.
For a two-level atom in a quantized field, collective atom-field state |g, n corresponds to the case when the atom is in ground state |g and the mode of the field contains n photons. This state is coupled to state |e, n − 1 , which corresponds to the case when the atom is in excited state |e and the field contains n − 1 photons, as shown in Fig. 1(a) . The Rabi frequency depends on the number of photons and on the coupling strength as g √ n. The atom is initially prepared in state |g , and the field is in state ∞ n=0 C (n) |n , where the probability to find n photons in the field mode is p(n) = |C(n)| 2 . The number of photons in the coherent state of the electromagnetic field is described by a Poissonian distribution [29] ,
Solving the Schrödinger equation yields probability P e to find the atom in the excited state, as given in Refs. [30, 31] ,
The √ n dependence in Eq. (4) arises from matrix elements n|â + |n − 1 = n − 1|â |n = √ n of creation and annihilation operators. Similarly, due to the dependence of the Rabi frequency of single-atom excitation in Rydberg-blockaded ensembles on the number of atoms, the probability of single-atom excitation in an ensemble with a random number of atoms is described by
where p(N ) is the probability to have N atoms in the ensemble. Given the analogy of Eqs. (4) and (5), we can introduce a new quantum number for the mesoscospic ensemble of atoms which is equivalent to the number of photons n and is described by similar annihilation and creation operators, as follows.
States of the atomic ensemble with N atoms can be described as |G, N g and |R, N g , where N g is the number of ground-state atoms in the ensemble as shown in Fig. 1(d) . The excitation of the ensemble to a state with a single Rydberg excitation can be treated as reducing of N g by one, which is equivalent to a single-photon absorption in the Jaynes-Cummings model. States |G, N g and |R, N g − 1 are degenerate in energy and coupled, as shown in Fig. 1(c) . The N g = √ N dependence of the Rabi frequency in the atomic ensemble arises because of the matrix element of the electric dipole transition of the ensemble to the Rydberg state. This iŝ
is the dipole transition operator for the ith atom in the ensemble and E is the amplitude of the electric field. We can write matrix elements of equivalent creationâ † and annihilation a operators for the states of a superatom,
where µ (i) gr = µ gr is the matrix element of the dipole moment for the transition between ground and Rydberg states.
The effective Hamiltonian of this problem in the rotating-wave approximation is written in the following form:
Hereâ andâ † are annihilation and creation operators, and σ + = |R G| and σ − = |G R| are the raising and lowering operators for collective states |G and |R .
In quantum optics, a coherent state of the electromagnetic field in the basis of Fock states is a superposition,
Here |α| 2 =n, wheren is the average number of photons. However, due to phase fluctuations and technical noise, lasers often produce statistical mixtures of number states rather than pure coherent states [32, 33] . These statistical mixtures are described by the density matrix which has only diagonal terms,
When atoms interact with either type of states, described by Eqs. (8) and (9), similar dynamics of collapses and revivals is observed. However, atomic ensembles considered in this paper cannot be described by a quantum superposition of states with different numbers of atoms in analogy with Eq. (8) . Therefore, our simulation of Jaynes-Cummings dynamics in mesoscopic ensembles corresponds to the statistical mixture given by Eq. (9) and must be considered as being semiclassical. This is in agreement with the conclusion of Ref. [34] that observable effects in quantum optics do not depend on the existence of quantum optical coherences. The quantum properties of laser radiation are not considered in the present study. The above consideration is valid only for two isolated levels of a quantum oscillator which corresponds to Jaynes-Cummings dynamics in the rotating-wave approximation.
III. NUMERIC SIMULATION
We have numerically calculated the probabilities q Ry (n) to excite n Rydberg atoms in the mesoscopic atomic ensemble by solving the equations for the probability amplitudes, derived from the Schrödinger equation. We considered a randomly loaded optical dipole trap with an average number of atomsN = 7 which is close to the number of atoms in the mesoscopic ensembles, considered in our previous papers [18] [19] [20] . We assumed that the trapping light is switched off prior to Rydberg excitation and single-atom Rabi frequency at |g → |r transition is Ω/ (2π) = 1 MHz.
The many-body Hamiltonian for a mesoscopic ensemble interacting with laser radiation and with binary atomatom interactions taken into account is written as [10] .
Here V ij = C 6 R 6 ij is the interaction strength for the van der Waals interaction, and R ij is the spatial separation of a pair of atoms i and j. Theσ [19] ). The blockade radius is obtained by equating the energy of the van der Waals interaction with the collective Rabi frequency [35] :
≈ 10 µm for N = 7 atoms.
The dynamics of excitation to a Rydberg state in the ensemble is shown in Fig. 2 . These results are averaged over random spatial configurations of atoms within the trap. The equations for the probability amplitudes, derived from Schrödinger equation, are first solved for collective states in mesoscopic ensembles containing up to N max =20 atoms for 20,000 different spatial configurations drawn randomly and are then averaged using the Poissonian distribution of the number of atoms with N = 7 atoms. A similar approach has been used in our previous papers [18, 19, 36] . The probability to have more than N max = 20 atoms for the Poissonian distribution withN = 7 does not exceed 3.1 × 10 −4 . Following Ref. [10] , we have limited the number of possible Rydberg excitations to 2 for r = 2 µm and to 3 for r = 3 µm. We have checked out that results of our simulations for small values of r are not affected by this approximation.
The collapses and revivals are clearly observed in the simulated dynamics of the probability of single-atom Rydberg excitation q Ry (1) for r = 2 µm on a timescale of 10 µs, which is shown as a solid curve in Fig. 2(a) . The probability q Ry (2) to excite two Rydberg atoms [dashed curve in Fig. 2(a) ] is close to zero, showing that Rydberg blockade is perfect. The calculated dynamics of q Ry (1) is equivalent to the genuine Jaynes-Cummings dynamics, described by Eqs. 3 and 4. For r = 3 µm, despite the fact that the size of the trap is still smaller than the blockade radius, the revivals in q Ry (1) [solid curve in Fig. 2(b) ] are suppressed due to a partial breakdown of Rydberg blockade caused by a reduced average energy of the van der Waals interaction of atoms in the trap. The breakdown of Rydberg blockade is observed as an increase in the probability to excite two Rydberg atoms q Ry (2) [dashed curve in Fig. 2(b) ]. For larger sizes of the optical dipole traps, shown in Figs. 2(c) and 2(d), the revivals are not observed. Oscillations in the time dependencies of q Ry (3) and q Ry (4) in Fig. 2(d) result from coherent interaction of uncorrelated atoms with laser radiation. The large number of excited atoms corresponds to a weak van der Waals interaction within the ensemble. For these atoms independent Rabi oscillations at a single-atom Rabi frequency become observable. From the calculated probabilities q Ry (n) it is easy to find the average number of Rydberg excitations N Ry and the probability to have at least one Rydberg excitation P Ry ,
nq Ry (n) (11)
q Ry (n).
In the case of the perfect blockade, shown in Fig. 2(a) , N Ry is equal both to the probability to have exactly one Rydberg excitation P 1 and to the probability to have at least one Rydberg excitation P Ry . The latter refers to the low-efficiency detector in the counting mode when the experimental conditions where single-atom and twoatom (and more) events cannot be distinguished [12] .
Figure 2(e) shows the density plot of P Ry , calculated using Eq. (10) as a function of time and radius of the optical dipole trap r. A breakdown of Rydberg blockade for r > 2 µm leads to strong suppression of the revivals. This implies that Jaynes-Cummings dynamics in randomly loaded mesoscopic atomic ensembles can be used as a signature of perfect Rydberg blockade without the need to measure the exact number of Rydberg excitations.
We have studied the effect of the finite detection efficiency T on the observation of the collapses and revivals in the probability of single-atom excitation. The probability s Ry (k) to detect k atoms is related to the probabilities q Ry (i) to excite i atoms as [27] :
The results of a numeric calculation of s Ry (1) are shown in Figs. 3(a) and 3(b) for detection efficiencies T = 0.1 and T = 0.5, respectively, using the excitation probabilities q Ry (i) from Fig. 2 . The collapses and revivals are clearly visible at r = 2 µm (solid curve) and almost disappear with a blockade breakdown at r = 4 µm (dasheddotted curve) which shows that even for small detection efficiency T = 0.1 it is possible to verify whether the regime of perfect blockade is achieved. We have also investigated the effect of the finite line width of the atomic transition on collapses and revivals of oscillations in the dynamics of excitation. To simulate its effect on a time dependence of Rydberg excitation, but assuming a perfect blockade, we used the superatom model [10] which describes the whole ensemble in the regime of the perfect blockade as a two-level system taking into account spontaneous decay of the excited state interacting with laser radiation, in our case for the cesium 80S state at the ambient temperature of 300 K this decay rate is γ 2 / (2π) = 0.8 kHz [37] .
We have solved the master equation for the mesoscopic atomic ensemble consisting of N atoms interacting with the laser radiation in the regime of the Rydberg blockade [38] ,ρ
The Hamiltonian is written aŝ
The regime of the Rydberg blockade is simulated by removing all multiple excitations from the system of equations for the density matrix similar to our previous paper [19] . The Liouvillian acting on the density matrixρ written for the collective states of the mesoscopic ensemble is expressed aŝ
Here we take into account the finite lifetime τ of the Rydberg state by using γ 2 = 1/τ ,
and purely off-diagonal decay γ due to the finite line width of the laser radiation or technical noises,
The time-dependent single-atom excitation probability has been averaged over the Poissonian distribution with N = 7 atoms. The results of the calculations are shown in Fig. 3(c) . For γ 2 / (2π) = 0.8 kHz and γ = 0 the amplitude of the revivals is almost unchanged compared to Fig. 2(a) . The increase in the laser line width to γ/ (2π) = 100 kHz leads, however, to the strong suppression of the revivals, as shown in Fig. 3(d) (dashed curve). However, if the laser line width is γ/ (2π) = 10 kHz [solid curve in Fig. 3(d) ], the amplitude of the revivals is moderately reduced compared to Fig. 3(c) . Surprisingly, pure off-diagonal decay results in the increase in the singleatom excitation probability up to 80% [dashed curve in Fig. 3(d) ].
Observation of collapses and revivals of the Rabi oscillations in the mesoscopic atomic ensembles could be a prerequisite for implementation of quantum logic gates, which we have proposed in our previous papers [19, 20] , because both blockade breakdown and dephasing of the Rabi oscillations caused by a finite laser linewidth and technical noises will have a detrimental effect on the fidelity of the quantum gates.
The Poissonian statistics of the atom-number distribution in the dipole trap is not always the necessary requirement for observation of collapses and revivals. We have considered an array of N optical dipole traps loaded with single atoms in the regime of the collisional blockade [39] with a q = 50% probability of singleatom occupancy for each trap [40] and zero probability to load more than one atom. This is similar to the experimental conditions of the recent paper [24] where a spatial light modulator with the two-dimensional array of microtraps was used to create an array of optical dipole traps with arbitrary geometry. The minimal nearest-neighbor distance between the atoms in the array was d = 3 µm. The total number k of trapped atoms in the array is described by the binomial distribution:
We have simulated N Ry for d = 3 µm at N =9 and q=0.5 [solid curve in Fig. 4(a)] and d = 5 µm [dashed curve in Fig. 4(a) ] . For the minimal nearest-neighbor distance d = 3 µm the collapses and revivals are clearly observed and the regime of the perfect Rydberg blockade is achieved. For smaller ensembles, considered in Ref. [24] , the Jaynes-Cummings dynamics is not observed, as shown in Fig. 4(b) for four atoms with d = 4 µm in the regime of perfect blockade.
IV. INTERACTION OF TWO ENSEMBLES.
An interesting effect arises from the interplay in the Jaynes-Cummings dynamics of two interacting atomic ensembles. The spatially separated randomly loaded optical dipole traps are of interest for implementation of two-qubit quantum gates with mesoscopic atomic ensembles [19, 20] or a deterministic quantum computation with one pure qubit (DQC1) algorithms [41] . To implement the two-qubit gates based on mesoscopic atomic ensembles with a random number of atoms, discussed in our previous papers [19, 20] , it is necessary to achieve the regime of a perfect blockade both within each ensemble and between two neighboring ensembles. Controlled rotations of the ensemble states, required for the DQC1 algorithm, must be performed in similar conditions, when laser excitation of Rydberg states within the ensemble could be blocked by Rydberg excitation of the separate control qubit [41] .
The effective Hamiltonian for N s interacting superatoms is written as [10] 
RR .
(18) Here we take into account the enhancement of collective Rabi frequency for each ensemble. We consider the mean interaction strength between two ensembles, resulting from averaging the interaction energies between all pairs of atoms which belong to different superatoms [10] ,
Here N i and N j are the numbers of atoms in ith and jth ensemble and V pq is the interaction strength between the pth atom from ith ensemble and qth atom from jth ensemble. Below we assume that r ≪ d. In this case the differences in the interaction energy V pq for different p and q can be neglected and the interaction part of the effective Jaynes-Cummings Hamiltonian is written aŝ
Here the indices 1 and 2 correspond to the operators acting on different superatoms 1 and 2. We have calculated the average number of Rydberg atoms excited in two interacting ensembles withN = 10 atoms in each ensemble by solving the equations for the probability amplitudes c MN with the Hamiltonian, given by Eq. (20),
The ensembles are located in two optical dipole traps at distance d between each other. If the distance between traps is sufficiently large, the interaction becomes negligible as shown in Fig. 5 (a) for d = 20 µm, and observed collapses and revivals correspond to the dynamics of a single system withN = 10 but with a doubled amplitude. If the distance between ensembles is small and the regime of full blockade is reached within both ensembles, the dynamics of the system corresponds to a single superatom withN = 20 as shown in Fig. 5(b) for d = 4 µm. The dynamics of the Rydberg excitations in two mesoscopic ensembles located at arbitrary distances is illustrated in Fig. 5(c) as a density plot of N Ry calculated as a function of time and distance between optical dipole traps and averaged over 500 samples with Poissonian distribution of the number of atoms in each trap. The oscillations shown in Fig. 5 (c)(top part) correspond to the case of two non-interacting superatoms shown in Fig. 5(a) , whereas the full blockade between (and within) the ensembles is evident at the bottom of Fig. 5(c) . For intermediate distances around d = 9 µm the collapses and revivals disappear due to dephasing of the oscillations induced by the interaction between superatoms. The Fourier spectrum of N Ry shown in Fig. 5(d) illustrates the increase in the mean frequency of Rabi oscillations for d = 4 µm due to the blockade of Rydberg excitation within two ensembles.
V. SUMMARY
We have shown that strongly interacting mesoscopic atomic ensembles with random and unknown numbers of atoms, which are coupled to a classical electromagnetic field, display the Jaynes-Cummings-type dynamics of single-atom laser excitation. The collapses and revivals of collective oscillations between Dicke states of the atomic ensemble result from the √ N dependence of collective Rabi frequency of single-atom excitation in the regime of the Rydberg blockade, where N is the number of atoms. The interference of the Rabi oscillations with different frequencies occurs due to the random loading of optical dipole traps or optical lattices. Due to √ N dependencies on the number of atoms these effects are also relevant to the recent studies of superradiance [42, 43] and subradiance [44] in atomic ensembles and to the investigation of Rydberg polaritons [45] .
An experimental observation of this effect can be used as a signature of the perfect Rydberg blockade without the need to measure the actual number of detected Rydberg atoms. This can be of great importance for quantum information with mesoscopic atomic ensembles containing a random number of atoms [19, 20] where the Rydberg blockade within an atomic ensemble and between two ensembles is required for encoding of quantum information, implementation of two-qubit quantum gates, and DQC1 algorithms [41] . Our approach could also be useful for investigation of sub-Poissonian atom-number fluctuations in mesoscopic atomic ensembles [46] .
